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1. INTRODUCTION
In this paper we find an exact Green’s function for each of the family of
(degenerate) elliptic operators
L=Lnmk=2x+|x|2k&2 2t= :
n
j=1 \

x j+
2
+|x|2k&2 :
m
j=1 \

tj+
2
, (1.1)
where n, m, k=1, 2, 3, ... . When m is even the solution is an algebraic
function expressed in closed form; of course this is also true in the elliptic
case k=1, when n+m>2.
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The operator L is translation invariant in the t variables, invariant under
rotation in the x variables and in the t variables, and homogeneous of
degree 2 with respect to the dilations
(x, t)  (*x, *kt). (1.2)
Therefore we can look for the Green’s function K(x, t; y, s) with singularity
at ( y, s) # Rn_Rm to be a function of
|x|, | y|, x } y, |t&s| (1.3)
that is homogeneous of degree &(n+mk&2) with respect to the dilations
(x, t, y, s)  (*x, *kt, *y, *ks). (1.4)
Moreover L is real and symmetric, so we look for K to be symmetric
in x, y.
All this will be the case if K has the form
K(x, t; y, s)=cnmk
Fnmk( p, \)
R(n+mk&2)2k
, (1.5)
where
R=R(x, t; y, s)=
1
2
(|x|2k+| y| 2k+k2 |t&s|2), (1.6)
\=\(x, t; y, s)=
|x|k | y| k
R
, (1.7)
p=p(x, t; y, s)=
x } y
R1k
, x, y # Rn, t # Rm, (1.8)
where cnmk is a dimensional constant. (Note the similarity to (1.5) of [2].)
It will be convenient to consider, in addition, the cosine of the angle
between x and y:
v=
x } y
|x| | y|
. (1.9)
Then
p=p(v, \)=\1kv. (1.10)
We will generally consider F and p as functions of v and \ or of v and \2.
Our precise results are the following. It is convenient to divide into cases
according to the parity of m.
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Theorem 1. Suppose that m is even. The operator Lnmk has a Green’s
function
Knmk=&
km&11((12)n)
2m2 4?(n+m)2
Fnmk
R(n+mk&2)2k
, (1.11)
where
Fnmk(v, \)=\&(n&2)2k \ \+
(m&2)2
{\
(m&2)2\(n&2)2k.&(\2)
[.+(\2)&2p(v, \)]n2 = . (1.12)
The functions .\ are
.+(\2)=(1+- 1&\2)1k+(1&- 1&\2)1k; (1.13)
.&(\2)=
(1+- 1&\2)1k&(1&- 1&\2)1k
- 1&\2
. (1.14)
Here and in what follows the formulas simplify considerably in the
elliptic case k=1, when .+#.&#2 and 2R&2Rp is the square of the
euclidean distance. However, in the degenerate elliptic case k2, there is
no rearrangement of the formula for Knmk that is significantly simpler.
Theorem 2. For m odd the operator Lnmk has a Green’s function
K11k=&
1
8 - ?
F11k
R(k&1)2k
;
(1.15)
Knmk=&
km&11((12)n)
2(m+1)2 4?(n+m)2
Fnmk
R(n+mk&2)2k
, n+m>2,
where
Fn1k(v, \)=
1
1(14)2 |
1
0
|
1
0
(u1u2) (n&1)4k Fn2k(v, u1u2 \2) du1 du2
u341 u
14
2 (1&u1)
34 (1&u2)34
, (1.16)
and Fn2k is given by (1.12). For general odd m
Fnmk(v, \)=\&(n&2)2k \ \+
(m&1)2
[\(m&1)2\(n&2)2kFn1k(v, \)]. (1.17)
There is an extensive literature on degenerate elliptic operators, especially
those that have the form of a sum of squares of vector fields; see [1, 6, 8, 9]
and, for indication of more recent literature, [5]. The authors derived
exact (convergent integral) formulas for Green’s functions of operators
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with a second-order degeneracy [4]. To our knowledge, however, explicit
Green’s functions for operators with higher order degeneracy have not
been published; indeed at least one recent paper [10] derives qualitative
properties of the Green’s functions for the operators L11k from abstract
considerations.
The plan of the paper is the following. In Section 2 we write an equation,
(2.4), for Fnmk , based on the assumption that K has the form (1.5). This
equation involves the sum of two operators of hypergeometric type in the
variables v and _ respectively. For even n and m we construct the functions
(1.12) as solutions of the Eq. (2.4). In Section 3 we extend the results to the
case when n or m is odd, obtaining the functions (1.16), (1.17). Analytic
properties of the kernels Knmk are investigated in Section 4. Theorems 1
and 2 are proved in Section 5. Equation (2.4) is based on an indentity,
Eq. (2.2), that is derived in the Appendix.
2. DETERMINATION OF F WHEN n AND m ARE EVEN
With variables R, \, and v given by (1.6), (1.7), and (1.9), we set
8=8(x, t; y, s)=R&(n+mk&2)2k (2.1)
and consider L(F8) where F=F(v, \). The following result is derived in
the Appendix.
Proposition 2.1. Off the diagonal x=y, t=s, one has the identity
8&1L(8F )=| y|2 R&2k\&2k[(1&v2) Fvv+k2(1&\2) \2F\\
+(1&n) nFv+[k(n+k&2)&k(n+mk+2k&2) \2] \F\
& 14 (n+mk&2)(n+mk+2k&2) \
2F]. (2.2)
For the numerator F in (1.5), we want L(8F)=0 away from the
diagonal. The differential operator that acts on F in (2.2) can be
reorganized nicely in terms of the Euler derivatives
Dv=v

v
, D\=\

\
. (2.3)
In fact the equation for F can be put into the form
(Mn+4k2Nnmk)F=0, (2.4)
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where
Mn=(1&v2)
2
v2
+(1&n)v

v
=
2
v2
&Dv(Dv+n&2) (2.5)
and
4k2Nnmk#k2(1&\2) \2
2
\2
+[k(n+k&2)&\2k(n+mk+2k&2)] \

\
&
1
4
(n+mk&2)(n+mk+2k&2) \2
=k2 {D\ \D\+n&2k +
&\2 \D\+n+mk&22k +\D\+
n+mk+2k&2
2k += . (2.6)
We rewrite this operator using the variable
_=\2.
Then D\=2D_ so that
Nnmk=D_ \D_+n&22k +
&_ \D_+n+mk&24k +\D_+
n+mk+2k&2
4k + . (2.7)
We begin by considering the special case n=2, where
M2=(1&v2)
2
v2
&v

v
=
2
v2
&D2v . (2.8)
Note that
&1v1, 0\1; (x, t)=( y, s)  (v, \)=(1, 1). (2.9)
As an operator in L2((&1, 1), (1&v2)&12 dv), (2.8) has as eigenfunctions
the Tchebychev polynomials
T&(v)=cos &%, v=cos %,
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with eigenvalues &&2. We can write 2 cos %=|+|&1 for suitable complex
| and normalize by taking
P&(v)=|&+|&&, 2v=|+|&1.
Thus we separate variables and look for a solution of (2.4) that has the
form
:

&=&
c |&| f |&|(\) |&, (2.10)
where
4k2N2mk f&=&2f& , &0, (2.11)
Now
N2mk&
&2
4k2
=\D_& &2k+\D_+
&
2k+
&_ \D_+mk4k +\D_+
mk+2k
2k + . (2.12)
We look for f& in the form
f&=\&kF&=_&2kF& , &0. (2.13)
When conjugated by _&2k, (2.12) becomes
D_ \D_+&k+&_ \D_+
mk+2&
4k +\D_+
mk+2k+2&
4k + . (2.14)
Any function that is regular at the origin and annihilated by (2.14) is a
multiple of the hypergeometric function
F \ &2k+
m
4
,
&
2k
+
m
4
+
1
2
;
&
k
+1; _+ . (2.15)
We assume now that m=2, so that each of the hypergeometric functions
(2.15) has the form F(a& , a&+ 12 ; 2a& ; \). Then (2.15) is a multiple of
F&=
1
- 1&_ \
1
1+- 1&_+
&k
(2.16)
[7, p. 101, (6)].
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We combine (2.10), (2.13), and (2.16) and look for a solution to (2.4) in
the form
:

&=&
c&
- 1&_
r |&||&, r=
_12k
(1+- 1&_)1k
(2.17)
when m=2. The constants c& are not arbitrary: F must be singular only at
p=1 and must have the correct type of singularity at that point. We take
c&=1, so that (2.17) is
1
- 1&_
}
1&r2
1&2rv+r2
. (2.18)
We rewrite (2.18) by multiplying numerator and denominator by _12kr&1,
and use the identities
_12kv=p,
_12kr&1=(1+- 1&_)1k, (2.19)
_12kr=(1&- 1&_)1k,
to obtain
F22k(v, \)=
.&(\2)
.+(\2)&2p
, (2.20)
where .\(\2) are defined in (1.13), (1.14). Summarizing, we have proved
the following.
Lemma 2.2. The function F22k of (1.12) satisfies Eq. (2.4) when n=2 and
m=2.
The next step is to extend this result to general even n. For this purpose
we rewrite Eq. (2.4) using _ and p as variables. Since p=_12kv the
derivatives change:
D_  D_+
1
2k
Dp ; Dv  Dp ,

v
 _12k

p
.
In these coordinates the operator Mn+4k2Nnmk becomes
_1k
2
p2
+4kD_ \kD_+Dp+n&22 +
&4_ \kD_+12 Dp+
n&2+mk
4 +\kD_+
1
2
Dp+
n&2+mk+2k
4 + .
(2.21)
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Assume n is even. From the intertwining relation
(Dp+ j) \ p+
j
=\ p+
j
Dp (2.22)
it follows that
(Mn+4k2Nn2k) \ p+
(n&2)2
=\ p+
(n&2)2
(M2+4k2N22k). (2.23)
Therefore
\ p+
(n&2)2
F22k=
an .&
(.+&2p)n2
=anFn2k (2.24)
satisfies (2.4) (with m=2). We have proved the following.
Lemma 2.3. The functions Fn2k of (1.12) satisfy Eq. (2.4) when n is even
and m=2.
We conclude this section by extending these results to arbitrary even
dimensions m by an intertwining relation similar to (2.23). Note that (as
operators)
_(D_+a+1)=(D_+a)_. (2.25)
Iterating,
_ \D_+a+l+12 +\D_+a+
l
2+ ‘
l
j=1 \D_+a+
j&1
2 +
=\D_+a+l&12 + _ \D_+
l
2+ ‘
l
j=1 \D_+a+
j&1
2 +
=\D_+a+l&12 +\D_+a+
l&2
2 + _ ‘
l
j=1 \D_+a+
j&1
2 +
= } } }
= ‘
l
j=1 \D_+a+
j&1
2 + } _ \D_+a+
1
2+ (D_+a). (2.26)
For even m=2+2l we apply (2.26) with a=12+(n&2)4k and use (2.7)
to obtain
Nnmk ‘
l
j=1 \D_+
n&2
4k
+
j
2+= ‘
l
j=1 \D_+
n&2
4k
+
j
2+ Nn2k . (2.27)
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Since D_ commutes with Mn , we can conclude that the function
‘
l
j=1 \D_+
n&2
4k
+
j
2+ Fn2k (2.28)
satisfies (2.4) with m=2+2l. This function is a multiple of Fnmk of (1.12).
In fact recall that D_= 12D\ so that
‘
l
j=1 \D_+
n&2
4k
+
j
2+
=2&l ‘
l
j=1 \D\+
n&2
2k
+ j+
=2&l\&(n&2)2k ‘
l
j=1
(D\+ j) \(n&2)2k
=2&l\&(n&2)2k \ \+
l
\l\(n&2)2k, l=(m&2)2. (2.29)
We have proved the following.
Lemma 2.4. The functions Fnmk of (1.12) satisfy Eq. (2.4) when n and m
are even.
3. DETERMINATION OF F WHEN n OR m IS ODD
The argument in this section is a slight variant of the argument in
Section 2. We begin with the case n=3, so that the operator Mn of (2.5)
becomes
(1&v2)
2
v2
&2v

v
=
2
v2
&Dv(Dv+1); (3.1)
As an operator in L2((&1, 1), dv), (3.1) has as eigenfunctions the Legendre
polynomials P&(v), with eigenvalues &&(&+1).
As before we look for a solution of (2.4) in the form
:

&=0
c& f&(\) P&(v), (3.2)
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where
4k2Nf&=&(&+1) f& . (3.3)
We continue to assume that n=3, so that
N3mk&
&(&+1)
4k2
=\D_& &2k+\D_+
&+1
2k +
&_ \D_+mk+14k +\D_+
mk+2k+1
4k + . (3.4)
Again we look for f& in the form
f&=_&2kF& . (3.5)
When conjugated by _&2k, (3.4) becomes
D_ \D_+2&+12k +&_ \D_+
mk+2&+1
4k +\D_+
mk+2k+2&+1
4k + . (3.6)
Any function that is regular at the origin and annihilated by (3.6) is a
multiple of the hypergeometric function
F \m4 +
2&+1
4k
,
m
4
+
2&+1
4k
+
1
2
; 1+
2&+1
2k
; _+ . (3.7)
We assume now that m=2, so that again each of the hypergeometric func-
tions (3.7) has the form F(a& , a&+1; 2a& ; _), and thus is a multiple of
F&=
1
- 1&_ \
1
1+- 1&_+
(2&+1)2k
. (3.8)
We combine (3.2), (3.5), and (3.8) and look for our solution of (2.4) in the
form
1
- 1&_ (1+- 1&_)12k
:

&=0
c&r&P&(v), r=
_12k
(1+- 1&_)1k
. (3.9)
With c&=1 the sum is just the generating function for the Legendre
polynomials:
:

&=0
r&P&(v)=
1
(1&2rv+r2)12
. (3.10)
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We take instead c&=2&+1 so that
:

&=0
c&r&P&(v)=\2r r+1+{
1
(1&2rv+r2)12=
=
1&r2
(1&2rv+r2)32
. (3.11)
We multiply numerator and denominator by (r&1_12k)32 and use (2.19) to
rewrite (3.11) as
(1+- 1&_)12k }
- 1&_ } .&(_)
[.+(_)&2p]32
. (3.12)
Multiplying (3.12) by the factor in front of the sum in (3.9) produces
F32k(v, \)=
.&(\2)
[.+(\2)&2p]32
(3.13)
when c&=2&+1. Summarizing, we have proved the following.
Lemma 3.1. The function F32k of (1.12) satisfies Eq. (2.4) when n=3 and
m=2.
To extend this result to general odd n we go once again to the coor-
dinates \, p and intertwine (2.21) with powers of p to verify that
\ p+
(n&3)2
F32k=
bn .&(\2)
[.+(\2)&2p]n2
=bnFn2k (3.14)
satisfies (2.4) with m=2 and n odd, n3. To reach n=1 we note that the
operation Ip of integration with respect to p, starting from p=&,
satisfies the relation analogous to (2.22):
(Dp&1) Ip=IpDp .
Integrating F32k with respect to p from p= & gives F12k , so we have
proved the following.
Lemma 3.2. The functions Fn2k of (1.12) satisfy Eq. (2.4) when n is odd
and m=2.
The extension to arbitrary even dimension m follows from (2.27) and
(2.28), as in Section 2, and we obtain the following result.
Lemma 3.3. The functions Fnmk of (1.12) satisfy Eq. (2.4) when n is odd
and m is even.
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It remains to show that the functions (1.16), (1.17) satisfy (2.4) when m
is odd. The general result can be derived from the results for m=1 in the
same way that the general result for m even was derived from the result for
m=2. Thus we want to consider Fn1k . We obtain the result in this case by
intertwining the operators Nn2k and Nn1k .
Lemma 3.4. Let
Enk f (_)=
1
1(14)2 |
1
0
|
1
0
(u1u2) (n&1)4k f (u1u2_)
u341 u
14
2 (1&u1)
34 (1&u2)34
du1 du2 . (3.15)
Then
Nn1k Enk=EnkNn2k . (3.16)
Proof. Let
a=
n&2
4k
+
1
4
, b=
n&2
4k
+
3
4
.
Then
Enk f (_)=
1
1(14)2 |
1
0
|
1
0
ua&11 u
b&1
2 f (u1 u2_) du1 du2
(1&u1)34 (1&u2)34
.
Since D_ and Enk commute, (3.16) is equivalent to
_(D_+a)(D_+b) Enk=Enk _(D_+a+ 14)(D_+b+
1
4). (3.17)
It is enough to verify (3.17) for monomials f (_)=_&. Now
Enk(_&)=
B(&+a, 14) B(&+b, 14)
1(14)2
_&=
1(&+a) 1(&+b)
1(&+a+14) 1(&+b+14)
_&.
It follows that each side of (3.17), applied to _&, gives
1(&+a+1) 1(&+b+1)
1(&+a+14) 1(&+b+14)
_&+1. K
The operator Enk commutes with Mn and
Enk Fn2k=Fn1k . (3.18)
Consequently, (3.16), (3.18), and (2.27)(2.29) imply the following.
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Lemma 3.5. The functions Fnmk of (1.16), (1.17) satisfy Eq. (2.4) when m
is odd.
Proposition 2.1 and the results of Sections 2 and 3 imply the following.
Proposition 3.1. The kernels Knmk in Theorem 1 and Theorem 2 satisfy
Lnmk Knmk=0
whenever Knmk is not singular.
Remarks. The choice of denominator in (3.11) is suggested both by the
expected nature of the singularity of the Green’s function at elliptic points
and by the form of the function Gnk in [3]. The intertwining properties of
the Euler transform Enk are used in a similar way in [2].
4. PROPERTIES OF THE KERNELS Knmk
To prove Theorem 1 and 2 we will show that the kernels Knmk are
analytic in (x, t, y, s) off the diagonal (x, t)=( y, s) and then investigate the
singularity on the diagonal. The functions
R= 12 ( |x|
2k+| y| 2k+k2 |t&s| 2),
(4.1)
p=
x } y
R1k
, _1k=
|x|2 | y|2
R2k
are clearly real-analytic away from the singularity at x=y=0, t=s.
Lemma 4.1. The functions .\(_) are holomorphic as functions of _1k in
a neighborhood of the interval 0_1.
Proof. Each of these functions is an even function of - 1&_, so the
series expansions in - 1&_ around - 1&_=0 contain only powers of
1&_. Both - 1&_ and (1+- 1&_)1k are holomorphic functions of _
near _=0. Finally
1&- 1&_=_[1+_(_)]
near _=0, where  is holomorphic near _=0, so (1&- 1&_)1k is a
holomorphic function of _1k near _=0. It follows that .\ are
holomorphic functions of _1k near _=0. K
Lemma 4.2. Off the diagonal x=y, t=s, one has
| p|<_12k1, .+(_)&2p>0, (4.2)
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Proof. The first inequality is clear from (4.1). The second is a consequence
of the first, since
.+(_)&2p.+(_)&2_12k=[(1+- 1&_)12k&(1&- 1&_)12k]2.
The right inequality is strict unless _=1, which implies that t=s and
|x|=|y|; if so, then p<_12k unless x=y. K
Lemma 4.3. The functions Knmk in Theorems 1 and 2 are analytic off the
diagonal.
Proof. Because R is analytic off the diagonal, we need only prove this
for the numerators Fnmk . Recall that
| p|=_12k |v|_12k1 (4.3)
and p=1 only on the diagonal. Lemmas 4.1 and 4.2 imply that Fn2k of
(1.12) is an analytic function of _1k and p on the range (4.3) for p{1, and
thus an analytic function of (x, t, y, s) off the diagonal. The identity (2.27)
shows that Fnmk for general even m is obtained from Fn2k by applying a
polynomial in D_= 12 D\ , with Fn2k considered as a function of v and _.
The power _12k appears in connection with p=_12kv, but p itself is an
analytic function of (x, t, y, s) and D_ p=p2k, so Euler derivatives D_ of
Fn2k preserve analyticity with respect to _1k.
For m odd, note that the integration in (1.16) preserves analyticity.
Again the transition from Fn1k to general Fnmk , m odd, is made by applying
a polynomial in D_ , so the Fnmk are analytic. K
According to Proposition 3.1, LK=0 off the diagonal. To show that
LK=$ we need to examine the singularity of K on the diagonal. Thus we
study the behavior as p  1, which implies _  1.
Lemma 4.4. Suppose that | y|=1. As (x, t ) approaches ( y, s),
.+(_)&2p=(|x&y|2+|t&s| 2)[1+O( |x&y|+|t&s| )]. (4.4)
Proof. In the limit, _ approaches 1 so
.+(_)&2p=
1
k \
1
k
&1+ (1&_)+2(1&p)+O((1&_)2). (4.5)
We write x=y+! and compute various expressions up to order 2 in
(!, t&s). First,
|x|2k=(1+2y } !+|!|2)k
r1+2ky } !+k |!|2+2k(k&1)( y } !)2. (4.6)
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It follows that
Rr1+ky } !+
k
2
|!|2+k(k&1)( y } !)2+
1
2
k2 |t&s|2; (4.7)
R&1kr1&y } !& 12 |!|2& 12 (k&3)( y } !)2& 12k |t&s|2; (4.8)
R&2r1&2ky } !&k |!|2+k(k+2)( y } !)2&k2 |t&s|2. (4.9)
Therefore
2&2p=2&2R&1kx } y=2&2R&1k(1+! } y)
r |!|2+(k&1)( y } !)2+k |t&s|2 (4.10)
and
1&_=1&R&2 |x|2krk2( y } !)2+k2 |t&s|2. (4.11)
Combining (4.5). (4.10), and (4.11), we obtain (4.4). K
Lemma 4.5. Suppose that | y|=1. For even m, as (x, t) approaches ( y, s),
Fnmkt
2m21((12)(n+m&2))
km&11(n2)( |x&y|2+|t&s|2) (n+m&2)2
. (4.12)
Proof. The principal singularity of Fnmk of (1.12) occurs when all
derivatives fall on the denominator. Moreover \=1 at the singularity.
Note that
.&(_)r
(1+(1k) - 1&_)&(1&(1k) - 1&_)
- 1&_

2
k
(4.13)
.+(_)r
1
k \
1
k
&1+ (1&_), as _  1.
Therefore
.&(1)=
2
k
;
(4.14)

\
[.+( \2)&2\1kv]}\=1, v=1=2
k&1
k2
&
2
k
=&
2
k2
.
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Thus the principal singularity of Fnmk is the same as that of
2(m&2)2(n2)(n2+1) } } } ((n+m&4)2)
[.+(_)&2p](n+m&2)2
}
2
k
}
1
km&2
. (4.15)
Taking (4.4) into account, we obtain (4.12).
Lemma 4.6. Suppose that | y|=1. For odd m, as (x, t) approaches ( y, s),
Fnmkt
2(m+1)21((12)(n+m&2))
km&11(n2)( |x&y| 2+|t&s|2) (n+m&2)2
, n+m>2; (4.16)
F11kt&
2
- ?
log( |x&y| 2+|t&s|2). (4.17)
Proof. The integrand in (1.16) has an integrable singularity at u1u2=0
and no other singularities except at u1=u2=1 and p=1. Once again, the
principal singularity comes when all derivatives in (1.17) fall on the
denominator of Fn1k . If we replace _ by u1u2_ in (4.5) we obtain
.+(u1u2 _)&2(u1u2 _)12k
r
1
k \
1
k
&1+ (1&u1u2_)+2&2(u1u2)12k p
r
1
k \
1
k
&1+ [(1&u1)+(1&u2)+(1&_)]
+
1
k
[(1&u1)+(1&u2)]+2&2p
=
1
k2
[(1&u1)+(1&u2)]+
1
k \
1
k
&1+ (1&_)+2&2p
=
1
k2
[(1&u1)+(1&u2)]+=, (4.18)
where
=t |x&y|2+|t&s|2. (4.19)
This means that we need to study the behavior of an integral
|
1
0
|
1
0
ua1&11 (1&u1)
b&1 ua2&12 (1&u2)
b&1 du1 du2
[(1k2)[(1&u1)+(1&u2)]+=] l
(4.20)
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as =  0, where aj and b are positive. We take into account that the
singularity occurs only at u1=u2=1 to eliminate the powers uaj&1j and
then change variables to replace (4.20) by
|
1
0
|
1
0
ub1u
b
2
[(1k2)(u1+u2)+=] l
du1 du2
u1 u2
.
Another change of variables converts the integral to
k4b=2b&1 |
1=k2
0
|
1=k2
0
ub1u
b
2
(u1+u2+1) l
du1 du2
u1u2
. (4.21)
When l&2b is positive the integral in (4.21) has a limit that can be
evaluated by using the identity
1
(u1+u2+1) l
=
1
1(l ) |

0
e&(u1+u2+1) {{l
d{
{
and interchanging the order of integration. The result is that (4.21) is
asymptotically
k4b=2b&l }
1(b)2 1(l&2b)
1(l )
. (4.22)
In the application to (1.16) we have
b=
1
4
, l=
n
2
+
m&1
2
,
so l&2b= 12(n+m&2) is positive except when n=m=1. There are addi-
tional factors 11( 14)
2 from (1.16) and 2k=.&(1), together with factors 2,
1k2, and n2, ... from each differentiation. Combining these with (4.22) we
obtain
=&(n+m&2)2
2(m+1)2(n2)(n2+1) } } } ((n+m&3)2) 1((12)(n+m&2))
km&11((12)(n+m&1))
.
(4.23)
Again (4.23) reduces to (4.16).
When n=m=1 we return to (4.21) and note that
|

0
u141
(u1+u2+1)12
du1
u1
=
1
(1+u2)14
} B \14 ,
1
4+
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so that we may approximate (4.21) by
kB \14 ,
1
4+ |
1k2=
0 \
u
1+u+
14 du
u
tkB \14,
1
4+ |
1k2=
1
du
u
t&
k1(14)2
- ?
log = as =  0. (4.24)
Once again the 1( 14)
2 factor is cancelled by the normalization in (1.16), and
we have a factor 2k from (4.14), so we combine (4.4), (4.14), and (4.24)
to obtain (4.17). K
5. PROOF OF THEOREM 1 AND THEOREM 2
We know from Lemmas 4.5 and 4.6 that for fixed ( y, s) with |y|=1, the
kernel Knmk(x, t; y, s) has an integrable singularity at (x, t)=( y, s) and is
analytic elsewhere. Now Knmk is homogeneous with respect to the dilations
(1.2), so far any fixed ( y, s), y{0, the singularity as a function of (x, t) can
be deduced from the singularity when | y|=1, by scaling; again it is locally
integrable.
It follows that Lnmk Knmk is a distribution for such ( y, s). We know that
it is supported at (x, t)=( y, s). The operator is elliptic near ( y, s) for y{0
and from the nature of the singularity of Knmk we conclude that
Lnmk Knmk=anmk(y, s) $(y, s)(x, t), y{0. (5.1)
Homogeneity under the dilations (1.2) and invariance under translations in
t implies that the constant in (5.1) is independent of ( y, s). Thus we may
assume that | y|=1. But then
Lnmk=2x+2t+O( |x&y| ) 2t
so that in computing the constant in (5.1) at | y|=1 we simply need to
compare the singularity of Knmk at (x, t)=(y, s) with the singularity of the
standard fundamental solution for the Laplacian. The latter is
&
1((12)(n+m&2))
4?(n+m)2
1
( |x&y|2+|t&s|2) (n+m&2)2
, n+m>2;
(5.2)
1
4?
log( |x&y|2+|t&s|2), n=m=1.
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When | y|=1 we have R=1 at the singularity. The constants in (1.11) and
(1.15) have been chosen so that when multiplied by the constants in (4.12),
(4.16), and (4.17) they coincide with the constants in (5.2).
We have just shown that
LnmkKnmk=$( y, s)(x, t), y{0. (5.3)
As a distribution in the variables (x, t), the kernel depends smoothly on
( y, t), so (5.3) carries over to y=0 by continuity. This completes the proof
for each of Theorem 1 and Theorem 2.
APPENDIX: PROOF OF PROPOSITION 2.1
Recall that the operator is
L=2x+|x|2k&2 2t ,
where (x, t) belongs to Rn_Rn. The variables used here are
R=
1
2
( |x|2k+|y|2k+k2 |t&s| 2), \=
|x| k |y|k
R
, v=
x } y
|x| |y|
.
As before we let
8=8(x, t; y, s)=R:, :=
2&n&mk
2k
and consider a function F8, F=F(v, r). The following result is to be
verified here.
Proposition 2.1. Off the diagonal x=y, t=s, one has
8&1L(8F )=| y| 2 R&2k\&2k[(1&v2) Fvv+k2(1&\2) \2F\\
+(1&n) vFv+[k(n+k&2)&k(n+mk+2k&2) \2] \F\
& 14 (n+mk&2)(n+mk+2k&2) \
2F]. (A.1)
This s a long calculation, but the task can be simplified by organizing it
conveniently. We denote gradients by subscripts and introduce the eikonal
form relative to L:
E( f, g)= fx } gx+|x|2k&2 ft } gt
= :
n
j=1
f
xj
g
x j
+|x|2k&2 :
m
j=1
f
t j
g
tj
. (A.2)
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Then
8&1L(8F )=LF+28&1E(8, F )+(8&1L8) F. (A.3)
Now for a function F(v, \),
LF={x } (Fvvx+F\ \x)+|x|2k&2 {t } (Fvvt+F\ \t)
=E(v, v) Fvv+2E(v, \) Fv\+E(\, \) F\\+(Lv) Fv+(L\) F\ . (A.4)
Also,
8&18x=:R&1Rx , 8&18t=:R&1Rt , (A.5)
so
8&1E(8, F )=:R&1E(R, F )
=:R&1Rx } (Fvvx+F\ \x)+:R&1 |x|2k&2 Rt } (Fvvt+F\ \t)
=:R&1E(R, v) Fv+:R&1E(R, \) F\ . (A.6)
Combining (A.3)(A.6),
8&1L(8F )=E(v, v) Fvv+2E(v, \) Fv\+E(\, \) F\\
+[Lv+2:R&1E(R, v)] Fv+[L\+2:R&1E(R, \)] F\
+(8&1L8) F. (A.7)
We begin the computations with v,
vx=|x|&1 |y| &1 y&|x|&3 |y|&1 (x } y) x, vt=0, (A.8)
so
E(v, v)=|x|&6 | y|&2 | |x| 2&(x } y) x|2
=|x|&6 | y|&2 ( |x|4 | y| 2&2 |x|2 (x } y)2+(x } y)2 |x| 2)
=|x|&2&|x| &4 | y|&2 (x } y)2
=| y|2 ( |x| 2 | y|2)&1 (1&v2)
=| y|2 R&2k\&2k(1&v2). (A.9)
Also
Lv={x } [ |x| &1 | y|&1 y&|x| &3 | y|&1 (x } y) x]
=(1&n) |x|&3 |y|&1 (x } y)
=(1&n) | y|2 R&2k\&2kv. (A.10)
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Next,
Rx=k |x|2k&2 x; Rt=k2(t&s). (A.11)
so
E(R, R)=k2 |x| 4k&2+k4t2=2k2 |x|2k&2 (R& 12 | y|
2k), (A.12)
and
LR=k(n+mk+2k&2) |x|2k&2. (A.13)
For an arbitrary power we can compute
L(Ra)={x } (aRa&1Rx)+|x| 2k&2 {t } (aRa&1Rt)
=aRa&1LR+a(a&1) Ra&2E(R, R)
=aRa&2[RLR+(a&1) E(R, R)]
=aRa&2 |x| 2k&2 [k(n+mk+2k&2) R+2(a&1) k2(R& 12 | y|
2k)].
(A.14)
In particular, with a=:=(2&n&mk)2k we have
2(a&1) k2=(2&n&mk&2k) k,
so
L8=&k2:(:&1) R:&2 |x|2k&2 | y|2k
=&k2:(:&1) | y|2 R&2k\2&2k8. (A.15)
Note that Rx } x=k |x|2k, so
E(R, v)=|x|&3 | y| &1 Rx } ( |x|2 y&(x } y) x)
=|x|&3 | y| &1 [|x| 2 ( y } Rx)&(x } y)(x } Rx)]
=0. (A.16)
The eikonal form is a derivation in each of its variables, and
E(R, |x|k)=k |x|k&2 Rx } x=k2 |x|3k&2. (A.17)
Therefore
E(R, \)=| y|k E(R, |x|k R&1)
=| y|k [&|x|k R&2E(R, R)+R&1E(R, |x| k)]
=k2 | y| k |x|k&2 R&2[|x|2k |y| 2k&|x|2k R]. (A.18)
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We use the derivation properties, (A.12) and (A.17), to obtain
E(\, \)=| y|2k E( |x|k R&1, |x|k R&1)
=| y|2k [R&2E( |x| k, |x|k)+2R&1 |x|k E(R&1, |x|k)
+|x|2k E(R&1, R&1)]
=| y|2k [R&2E( |x| k, |x|k)&2R&3 |x|k E(R, |x|k)
+|x|2k R&4E(R, R)]
=| y|2k R&2[k2 |x| 2k&2&2k2R&1 |x|4k&2
+2k2R&2 |x|4k&2(R& 12 | y|
2k)]
=k2 | y|2k |x|2k&2 R&2(1&R&2 |x|2k | y| 2k)
=k2 | y|2 R&2k\2&2k(1&\2). (A.19)
Taking a=&1 in (A.14), we obtain
L(R&1)=&|x|2k&2 R&3[k(n+mk&2k&2) R+2k2 | y|2k]. (A.20)
Then (A.12) and (A.20) imply
L\=| y|k L( |x| k R&1)
=| y|k [R&1L( |x| k)+2E( |x|k, R&1)+|x|k L(R&1)]
=| y|k [R&1k(n+k&2) |x| k&2&2k2R&2 |x|3k&2+|x|k L(R&1)]
=| y|k [R&1k(n+k&2) |x| k&2&2k2R&2 |x|3k&2
&|x|3k&2 R&3[k(n+mk&2k&2) R+2k2 | y|2k]]
=| y|k |x|k&2 R&3[k(n+k&2) R2&k(n+mk&2) |x| 2k R
&2k2 |x| 2k | y|2k]. (A.21)
Note that 2k2:=&k(n+mk&2). Therefore (A.18) and (A.21) imply that
L\+2:R&1E(R, \)
=| y|k |x| k&2 R&3[k(n+k&2) R2&k(n+mk+2k&2) |x| 2k | y|2k
=| y|2 R&2k\1&2k[k(n+k&2)&k(n+mk+2k&2) \2]. (A.22)
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For the interaction between \ and v we use (A.16) and the derivation
property to obtain
E(v, \)=| y|k E(v, |x|k R&1)=| y|k R&1E(v, |x|k)
=k | y|k |x|k&2 R&1vx } x
=k | y|k R&1 |x|k&2 |x|&3 | y| &1[ |x|2 y&(x } y) x] } x
=0. (A.23)
Proof of Proposition 2.1. The coefficients of derivatives of F, as organized
in (A.7), are given by (A.9) for Fvv , (A.23) for Fv\ , (A.19) for F\\ , (A.10)
and (A.16) for Fv , (A.22) for F\ , and (A.15) for F.
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